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ABSTRACT 

The shock wave r e l a t . i ~ n s  r equations of is0energet. i~ 

two-dimensional or axisymmetric flows can be combined to yield 

expressions for various useful quantities behind a shock wave if 

the curvature is known in addition to the position and slope. Tables 

are presented here of computations, for y = 1,4, of seven functions 
of Mach number and shock wave slope, from which the following are 

easily computed: 1) streamline curvature, 2) velocity gradient along 

streamline, 3) angle between streamline and density contour, and 4) 
angle between stredine and Mach number contour. In addition, the 

Mach number and angle of inclination of streamline are listed. A 

Mach number range from 1.1 to 10 is covered by these computations. 

A  derivation of the shock gradient functions is presented; and 

several applications of the calculations are given, including a set 

of tables for determining the slope of the sonic line. 



- rectangular coordinates 
- natural coordinates normal and tangential respectively 

to stre-ine 

2 2 2 1/2 
= (cos B + g sin p) 

- speed of sound = (ap/&) LIZ 

- shock gradient functions 

- enthalpy 
- curvature of shock wave 
- curvature of streamline 
- inverse of pressure ratio across shock = P1/P 

- Mach number 
= M1 sin f3 

- pressure 
- velocity 
- ratio of stagnation densities across shock 
- entropy 
- temperature 
- angle between shock wave and x-axis 
- ratio of specific heats (= 1.4 for air) 

- 0 for 2-dimensiona,l flow 
1 for axisymmetric flow 

- angle between stredine and l i ne  ~f c ~ n s t c q t  density 

- angle between stredine and x-axis 
- angle between streamline and line of constant 

*I - -I_ ------- 7. men numDer 



- density 
- arc length along shock wave 



I. INTRODUCTION 

The problem of determiaing the gradients of the flow variables 

behind 8 shock wave in ieoenergetic two-dheneional flow hae been 
considered by several investigators 1 2 3 .  ~hese grsdiente are very 

useful; for instance, the slope of the streemline at shock polar 

points i n  the magraph pl-me c a  be obbined from them (the Bueemann 
4 

"hedgehog" ) . A particularly simple derivation wae indicated by Sternberg , 
wing natural coordinates. It is found that the flow vsriable gradients 

are proportiond. to the ehock wave curvature. Tablee of coefficients for 
2 

etreemline c m t u r e  have been computed by Thomas for a limited range of 
Mach number, 

The same gradients can be comguted for axiaynnnetric f l o w .  However, 
theyare now linear combinations of the two shock curvatures, Kg in the 

meridiaPal plane and l/r in the azimuthal plane.  h he two-dimensional 
in obtained saqly by the lIr term.) Beesues of Ws 

the general usefulness of these gradient functions is restricted in that 

one can no longer, as in two-dimensional flow, obtain certain quantities 

(e.g., elope of sonic l ine)  without having t o  specify the vsluee of r and 

Kg, Expressions for the slope of these contours (density, pressure, WBch 
5 number) have been given by Wood and Gooderum . 

FIGURE 1.1  



hide from the results of Thomas cited above no calculations 

of +&e & ~ ~ e - ~ n t i ~ ~ d  Q u e n t  q i m k i t i e e  haw to the &ors1 howledge 

been published. This report supplies such a set of calculations ("shock 

gradient iunctions" ) which can be used to determine significant flow in- 

formstion f m m  physical .measurements. It is felt that these computations 

can also be helpful in obtaining a clearer general picture of flow behind 

a curved shock wave. These fU~tion.8 will find further application in the 

study of f l o w  of a reLaxing ges behind shock waves at large Mach numbers. 

The particular quantities to be obtained here are (using the notation 

of Fig. 1.1) : 1) bq/as,  the velocity gradient along the streamline j 2) 
\A /\ - t rL, ,l,,, ,,,-I, ~ l o s  (I 91, the cimvatiire of the etreamline; J) Q + 5, bu: asupc: -LC 

of the isopycnal, or density contour; and 4) Q + k, the slope angle of the 
Mach number contour. It is assumed that the gas is ideal, and that the 
P7n-r J - n  --4 - ~ r r - r -  d 4 4 n a l ~ . . ~ r r  a + ~ a a r n l . t m a a  
A A U W  AD u - A  auu r D c u u A u y r G  arvq  D W A G ~ A ~ L G O ~  

The above flow quantities are obtainable from expressions having the 

following simplified forms: 

n f a .  a\ v a\ f~ 1-1 
9 M13 PI 4\13 53 P I  

tan 5 - - 
+ cF6(7, Ml, (lIrf 

4 

~ ~ ( 7 ,  M1, B) Ks + E ~ ~ ( 7 ,  M1, B) (l/r) 
tan L - - n i (7, M ~ ,  8) K~ + E ~ ~ ( 7 ,  xl, (l/rJ 7 

where e is equal to zero for t w o - m i o n a l  flow and one for axisymmetric 
P 1 rrT-. 
LAUW.  q & s, m e  +he nqmer velocity, respectively, in t h e  

free stream; tan f3 is the slope of the shock wave; 7 is the ratio of specific 

heats. The angle Q = Q (M~, j3) is known from the shock wave relations 
e . g = ,  ~ e f .  6 ) :  



The gradient f'unctions Fly F2, ...., F are derived in detail in 
7 

SectionIf. These functions for the most part are long and complicated 

expressions in M and which do not lend themselves to analytical treat- 
1 

ment or easy hand computation. It is, however, feasible to calculate them 
m on a high speed computing machine. Thus the functions F 1" F2, . o . . ,  E ~ ,  

8 ,  and M have been programmed for computation by the EWAC in the Ballistic 

Research Laboratories, and they can be obtained quickly for any particular 

case of supersonic flowby specifying H 1 and 7 i n  t i e  computing machine input. 

The simple form of the expressions in Eqs. (1.1) suggests the practi- 

cability of a compilation of the coefficients of Ks and l/r which could be 

employed as a labor saving means of determining the desired quantities. 

To this end, the present paper provides a series of tables of shock wave 

gradient functions versus f3 for 7 = 1.4, with M1 as parameter. 

The angle f is of special interest to the authors, particularly in 
calculating a flow field (velocity, streamlines, etc . ) from given inter- 
ferometric density data (see Ref. 5, 7, and 8). The information resulting 

from the measured and Ks reduces the uncertainty in density near a shock 

wave which is inherent in the interferometric method. 

Sample hand computations have verified that the formulas used in this 

report yield  the as form-fias given in the  referenceso 



11. DERIVATION @ GRADIENT FUNCTIONS 

m L -  I--- m e  present derivation follows the one indicated i n  Ref. 4. In 

natural coordinates the equations of isoenergetic flow of an ideal non- 

viscous gas are 

(b) 

(c) 

where e = 0 for two-dimensionrcl, = 1 for axisymmetric flow. The coordinates 
s r; leFg+,hs d o n g  the stredine dlF4 the =r-t-hcg-nd ?-ra:ect= 

ory of the streanline, respectively; q is the speed of flow, and Q is the 

angle between the streamline and the free stream direction (x axis); p is the 

density, and p the pressure, T is the temperature; M is the Mach number 

( = o/a, where a = (bp/&)112 = speed of sound). 

The two essential equations to be used here are 

(a) 

(b) 

obtained from Eqs .  (2.1) and the definition of the velocity of sound.   he 
foregoing equations are given in Ref. 9 and 10.) Entropy remains constant 

along streamlines, 

If a is arc length along the shock wave: it is seen from the relation 

that at the shock wave 
(2.3) 

a a ag a a a 
= ( 1  = K s  = cos (B - Q) + sin (p - 0) 



where and K m e  the slope and clmv%me, respectively, of t h e  
s 

shock wave @ig. 1.1). As the coordinates are defined, curvatures are 

positive where curves are concave upward and negative where concave 

By means of Eq. (2.3), Eqs.  (2.2) are replaced by two simultaneous 

linear algebraic equations for and &/as. The coefficients of these 

equations are now converted into the desired form; namely, that of Eqso 

(1.1). For this purpose use is made of the following definitions and 

relations which can be found in many textbooks and reference books (the 

authors employed Ref. 6 mainly) : 

The subscript 1 always refers to free stream conditions. 

9 = A  GI1' 

3 3 => 1 /2 
where A = (cos- B + g- sin- B)-' 

After differentiation for aq/&, a@/?@, and as/@ (noting that 
&/as = o), one obtains expression for F1, F2,FJ, and Fq given by the 

following sequence of formulas I 



( l / q , )  -L - a d a s  = F, K- + E F,, (l/r) 
3 s  4 

The following re la t ions ,  obtained from the  flow equations, a re  used 

to find ( and 5 :  

where the  subscript  t denotes the  stagnation value (apt/& = apt /& = 0) , 

J . / ( ~  - ij - ij 
In = p / n  = ~ = i  - - g 
rtl t' rtl (see R e f .  6) 



By means of Eqs . (2.3) and (2.25), ap/as and &/an can be expressed 

in terms of ap/bs, ap/an, and other quantities already determined in this 

report. Substituting these expressions into Eqs . (2.1), one then derives 

expressions for ap/as a d  &/an; a d  putting these into the relation for 

the angle between the density contour and the streamline, namely, 

tan f = - (ap/hs)/(hp/an) (2.26) 

one obtains 
F K + E F~ (111) 

3 
tan ' = I? Ks + E F6 (1/r) where 

5 

- 4 cos p 
F5 - r + l  

A positive value of f indicates a counterclockwise mtation from the 

streamline to the density contour. 

The angle 5 between the Mach number contour and the streamline is 
determined fmm 

tan s = - (aM/as)/(aM/an) = - (d/as)/(d/an), 
where k has the same sign convention as 5 .  since 

Id2 = (~d)/(*), 
&?as and &?/an can be expressed in terms of the derivatives of p and q, 

which in turn are expressiblein terms of previously determined quantities. 



Conseqyently one obtains 

F K~ + E F~ (l/rj 
tan 5 = , where 

F? K + E F6 ( l I r )  
f s 

2 I ( A 3 7 1 m 2 / n ) + 2 A g h p  1 - 
2 

s i n  p 1 J 

111. DISCUSSION (X? C-TIONS 

Tabulations of the functions Fly F2, . . . . , F 7' 0,  sad My calculeted 

f o r  y = 1.4, are presented in Section 4 fo r  values of M1 - rang* from 1.1 

+,c lQ.Qe 'Fhp ~ m c t l n m  are l i s t e d  in order of decreashg f3, from f3 = 90' 

t o  a value somewhat greater than p = ~ i n - ~ ( l / ~ ~ ) .  The l i s t e d  values of Y 
andp were chosen so as t o  permit the determination of the functions t o  a 

reesonsble degree of accuracy f o r  any M1 and p by means of graphical inter-  

polat ion. 

Figure 2.1 shows an example of resul t s  obtainable from these calculations. 
& L,,J - *  +hfi Trarqcl+qr\n u L A  I~ZULU L~~~ r u v w r  rur .,,,,,,, in slope of the  constant density l ines  

along the shock wave of a supersonic sphere i n  nitrogen (shorn a t  the l e f t )  

determined from shock wave coordinate measurements a,nd the appropriate shock 

gradient functions. For reference purposes, the left hand f igure  shows the 

sonic point and "Crocco point" (defined below), and indicates the location 

of typical values of rKa. It must be noted tha t  the accuracy of resui t s  - 
like those in Figure 3.1 is  res t r ic ted  by the l u t e d  accuracy of and Ka &a 





determined from experiment. (see Ref. 5 and 8 for discussion on deter- 
mination of B and KB .) 

A point often referred to in two-dimensional flow studies (e.g., Ref. 

3) is the "~rocco point", where the streamline curvature is zero. Figure 

3.2 shows the geometrical conditions which must exist at the Crocco point 
in plane and axisymmetric flow for y = 1.4. It can be seen that in two- 

dFmensional flow the Crocco point dways lies below the sonic point on a 

shock wave of continuosuly decreasing slope. The two points approach 

coincidence with increasing Mclch nurriber. On the other hand, in axisymmetric 

flow the sonic point lies below the Crocco point for all values of M1 and 

rKs shown. By continuity there would be values of these two parameters 

for which the sonic point lies above the Crocco point. 

The slope of the sonic line is a quantity of considerable interest. It 

can be otained from the tables by evaluating the f3 and shock gradient 

functions corresponding to M = 1 (e.g., by graphical interpolation); it is 

found to be given by 

where B 1, B2, and B are given in Table 3.1 for 7 = 1.4. It is seen that, 
3 

formally, rKs = - w corresponds to two-dimensional flow. This particular 

case is plotted, in slightly different form, in Ref. 11. 

Figure 3.3 shows plots of the variation of the angle between 

the streamline and Mach number contour at the sonic point. For two-dimensional 

flow 5 is negative, indicating that the sonic line has a smaller slope than 
the streamline. For axisymmetric flow the figure indicates that the sonic 

line can have a greater slope than the streamline. st he streamline curvature 
must be positive in this case. This can be seen from Eqs. (2.lb) and (2.1~) 

and the fact that dq/do ( 0 and dM/du ) 0 along a shock wave with continuously 

decreasing slope.) If rKs = -.2 at the sonic point, the sonic line and 

streamline are nearly tangent to each other over a very wide range of Mach 

number. 



---..... Sonic point 

Figure 3.2. Conditions for  zero c u r v o t ~ r e  of streamlrfie 

id8 idss0 j  a t  shock wave i c r o c c o  ~ o i n t j .  
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characteristics at the shock wave in the supersonic portion of the 

flow field. 

For quick reference, Eqs. (1.1) are resteted here. 



TABU 3.1 

Sonic Point Table ( 7  = 1.4) 



The authors wish to express their appreciation to Dr. Rapnd Sedney 

for his helpful advice and to Mr. P a h e r  Schlegel for programming and 

performing the WAC calculations. 
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